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Lipinski’s (Colloq. Malh. 19 (1968). 251-253) theorem for a Darboux function 
to be continuous is extended and a question raised by him is partially answered. 
In Ref. [2] Lipinski established a necessary and sufficient condition for a 
real valued Darboux function on a locally connected space to be continuous. 
The purpose of this article is to extend his theorem to a Darboux function on 
a locally connected space with values in an arbitrary topological space. Also, 
we give a partial answer to his open question. Furthermore, we present 
alternate proofs for some theorems by Fan and Struble [ 11. 
Let X and Y be topological spaces. Throughout this paper.fwill denote a 
function from X to Y. We writef E 5’ iffhas the Darboux property, that is. 
f maps connected sets to connected sets, and f E y if there exists a base ?l 
for open sets of Y such that for each U E ?/, f - ‘(PU) is closed in X. where 
j3U denotes the boundary of U. 
2 
It is obvious that if 
following. 
f is continuous. then f E LX fl P’. Now we prove the 
THEOREM 1. Let X be local[ly connected. Then f is continuous if 
fEc/rlX. 
Proof. Let x0 E X and U be a given neighborhood off (x0). We want to 
find a neighborhood N of x0 such that f(N) c U. Since f E X, we may 
assume that U is open in Y and f - ‘(/?U) is closed in X. Clearly .Y” E X - 
f -‘(pU). By local connectedness of X, the open set X-f -‘(/?U) has an 
open component N containing x0. Thus N is a neighborhood of x0 and, since 
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f E p, f(N) is connected. We see easily that f&x,,) E f(N) n U and f(N) n 
PU = 0. It follows thatf(N) c U. The proof is completed. 
In Ref. [2], Lipinski showed that, when X is locally connected and Y is 
the real line. f is continuous if f E 5’ n 5. where f E .‘6 means that there 
exists a dense subset Y, c Y such that f '(y) is closed in X for every 
.t’ E Y,. Since ((a, b): II, b E Y, 1 is a base for open sets of Y, we see that 
f E X whenever f E 3. Thus our Theorem 1 extends his. 
Is the hypothesis that X is locally connected necessary for the conclusion 
in Theorem l? The answer is trivially negative if Y has the indiscrete 
topology. On the other hand, if Y has the discrete topology, the answer is 
still negative but we need that every component of X is open to assure the 
conclusion. Perhaps the most interesting case is that when Y is the real line. 
In fact, Lipinski also asked whether X has to be locally connected if, on X. 
every real valued function f E 2” n d is continuous. Here we provide a 
partial answer to this question. 
THEOREM 2. Let X be complete!y regular and Y be the real line. Iff is 
continuous whenever f E 5’ n C , then X is locally,, connected. 
Proof. Suppose that X is completely regular but not locally connected. 
We shall show that there is a function f E 9 n .5 which is not continuous. 
Since X is not locally connected. there is an open subset X, c X such that X, 
has a component C, which is not open. If X, =X, we define f as follows: 
f(x) = 0, if sEC,, 
= 1. if xEX-CC,. 
Clearly f E Y n .Z but is not continuous. 
Now we assume that X, #X. Since C, is not open. there exists x,, E 
C, - C’i, where G denotes the interior of C,. Let X, = X - X,, . Then X, is a 
nonempty closed set not containing x0 and hence there is a continuous 
function f, on X such that fo(X) = [0, 11, f,(x,) = 1 and f,(x) = 0 for x E X, . 
We fix a number a in (0, 1) and set X, = (x E C,: f”(x) >a). X3 = 
(x E C,: f,(x) = a 1. Clearly X, is closed (may be empty) in X, and x, E 
X, - X,. Being a subspace of X, X, is completely regular and there exists a 
continuous function f, on Xz such that f,(X,) c [0, a], f,(x,) = 0 and 
f,(x) = a for x E X, . We define f in the following manner: 
f(x) = fo(x). if fo(x) < a. 
= a, if fo(x) >aandxEX-C,, 
= f,(x), if fo(x) > a and x E C,. 
It is easily seen that f(X) = [0, a] and f (x) < fo(x) for all x E X. To show 
that f E Y n .B but not continuous, we take three steps. 
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Step I. f E 9’. Let C be a connected subset of X. Noting that the 
restricted functionsf 1 (X - C,) and f ] (X, U C,) are continuous, we see that 
f(C) is connected if C c X - C, or C c X, U C,. Thus we assume that C a? 
X-C’,andC&X,UC,,thatis,C~C,#0andCn(X,-C,)#0.Since 
C is connected, these inequalities imply that Cn X, # 0. It follows that 
0 E f(C). Let x, E C. We shall show that [0, f(x,)] c f(C) and hencef(C) 
is connected. The casef(.x,) = 0 is trivial. We assume thatf(-y,) > 0 and y E 
(0. f(?r,)), Clearly 0 < J < f(x,) < f’(x,) and 0 E &(C) since Cn X, # 0. 
By continuity of fo, there exists x E C such that f&) = y. Now&(x) = .V < 
f(-y,) < a yields f(y) = 4’. Thus y E f(C) and Step I is completed. 
Step II. f E C. Clearly, for .r’ < 0 or .r > a, f ‘(y) = 0 is closed. For 
YE [O,a), we have f-‘(y)= f;‘(y)U f;‘(y). Since f, and f, are 
continuous on X and X,, respectively, we need only show that X, is closed. 
Recalling that f,(x) = 0 for x E X,, we see that X1 = f;‘([u, I]) n 
(X, U C,). Since X, is open and C, is a component of X,, X, - C, is open. 
Therefore X, U C, = X - (X, - C,) is closed and so is X,. We have shown 
that f - ‘( ~7) is closed for all y # a and hence f E 6. 
Step III. f is not continuous. We shall show that f -‘(a) is not closed. 
Since xg E C, - Cz c X,, - Cz and X,, is open, we have -y,, E X, - C,, the 
closure of X,, - C,. Also, we have f,(x,) = 1 > a and fO is continuous. It 
follows that xg is in the closure of (.u E X,, - C,: fO(x) > a). By the definition 
of f, (x E X,, - C,: fO(x) > a} c f -‘(a). Thus x,, E f -‘(a). But f (x0) = 
f,(x,,) = 0 < a implies that -Y,, @ f-‘(u). f -j(u) is not closed and f cannot be 
continuous. The proof for Step III and hence for this theorem is completed. 
3 
It is defined in [ I ] that f is c.p. (connectedness-preserving) if f E 5” and 
the following property is satisfied. 
For every closed connected subset A of Y and for every 
point x E X-f -‘(A), x has a neighborhood which 
intersects only a finite number of components off -‘(A). (1) 
LEMMA. Let f E 5/. If every single point in Y is closed, then property ( 1) 
above is equivalent o the following: 
For every closed connected subset A of Y, f ‘(A) is 
closed in X. (2) 
Proof. (2) + (1) is obvious even without any hypothesis. We now prove 
that (1) + (2). Let A be a closed connected subset of Y. First we show that 
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each component of f-‘(A) is closed. Let C be a component of f-‘(A) and 
x0 E C. We want to show that x,, E C. We see that C U (x0} is connected 
and hence f(C) U {f(~,)} = f(C U (x,}) is also connected. If f(x,,) & A, 
then f(C) U (f(+,)} is not connected since f(C) c A which is closed and 
disjoint with the closed set (f(x,,)}. This is a contradiction. Therefore we 
have S(xO) E A or -yO E f-‘(A). Thus C U (x, 1 is a connected subset of 
f-‘(A) and C is a component off -‘(A). We must have x0 E C and C is 
closed. It is now clear from (1) and what we have just shown that 
X-f -‘(A) is open and hence f -‘(A) is closed. The lemma is proved. 
Now we are ready to give alternate proofs for Theorems 3 and 4 in [ 11 
which we shall state here also as Theorems 3 and 4. respectively. 
THEOREM 3. Let X be locally connected. If Y has a base for open sets 
such that the boundaQj of each set of the base has only> a Jinite number of 
components, and if ecery single point in Y is closed, then ecery c.p. function f 
is continuous. 
Proof This is a consequence of the lemma and Theorem 1. 
THEOREM 4. Let X and Y be locally connected. If Y is rim-compact (that 
is, Y is Hausdorff and has a base @for open sets such that, for each CT E ?l’/, 
PU is compact), then every c.p. function f is continuous. 
Proof We shall use the fact that every rim-compact space is regular. Let 
f be c.p. We want to show that, for each U E i/, f -‘(/3U) is closed. Let 
.rO @ /?I/ be fixed. For j’ E /?lJ, there exists a closed connected neighborhood 
WY of ~1 such that .I’” 6? Wy . Since /3U is compact, there exists (~9~: 
i = l,.... n} CPU such that /?U c U ( Wi: i= l..... n). where Wj = W,., for 
each i. Let A( yO) = U ( W;: i = l..... n). Then 
fm’(A(yO))=l,J {fm’(Wi):i= l,....nt 
is closed by the lemma. We have just proved that, for each J 6?! PU. there is a 
set A(~t)c Y such that jV& A(y), PUcA(y) and f -‘(A(y)) is closed. 
Clearly ,f3U c 0 (A(y): 4’ 66 PU). On the other hand, y & A(y) if ~7 & PU. We 
see that gr/x n (A(y): .v@pU}. Thus j?U= f) (A(J): y$j3U} and 
f - ‘(PU) = n (f - ‘(A( ?I)): J* & PU) is closed. Theorem 4 now follows from 
Theorem 1. 
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